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Introduction
ectives

Objectives during this lecture are:

@ to introduce Bayesian variable selection methods,

@ to present a Bayesian variable selection method for selecting variables with
effects evolving over time,

© to apply Bayesian variable selection methods in the genetic context.
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Bayesian variable selection
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Bayesian variable selection

Why use variable selection approaches ?

In various domains high-dimensional data:
@ Genetic/Genomic: high-throughput sequencing,
@ Ecophysiology/Ecology: high-throughput phenotyping,
@ Economic: more and more variables,
o ...

resulting in a high number of variables p measured on a limited number of
individuals n = p> n

For example in genetic:
@ To identify the genomic regions involved in the variability of a phenotype Y
% n =100 individuals genotyped with p = 5000 SNPs (variables, X)

How to select the relevant SNPs? How to select the best subset of variables?
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Bayesian variable selection
Variable selection in linear model

A linear model is a statistical model assuming that the response variable Y may be
written as a linear combination of variables X:

Y =p+XBi+ -+ XpBo+¢, €~ Ny(0,0%dy)
SY=pu+XB4e e~ Ny(0,0°ld,)

S Y ~ No(p + XB,0°Id,)

with n the number of observations and p the number of variables.

Which variables are relevant 7 < Which 3; #0 ?
For example in genetic:
Y =p+ SNP1S1+---+ SNP,S, + €

Which SNP is relevant < Which B; # 0 ? < Does the position j affect the
variability of phenotype Y
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Bayesian variable selection
Variable selection in linear model

Classical approaches:

@ Student test with multiple testing and adjustment for multiplicity,

@ Comparison of all models by using criteria (R2, AIC, BIC, cross-validation,
Fisher test),

@ Backward stepwise selection, Forward stepwise selection

Problems: approaches not feasible or not optimal when p > n: need to use
statistical methods allowing to regularize models
% Frequentist context: likelihood penalized approaches (Lasso, Ridge,
Elastic-Net,...) (Hoerl and Kennard, 1970; Tibshirani, 1996)

% Bayesian context: shrinkage priors (spike-and-slab prior, Bayesian Lasso
prior,... )

In the following we will focus on Bayesian approaches
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Bayesian variable selection

Introduction to Bayesian linear model

In the Bayesian context prior distributions are placed on the parameters (here:
2
p, B, 0°)

Bayesian linear model

Y, B,0% ~ No(p+ XB,0°1,)
Bi~ps(Bj), j=1,...,p
e~ pu(e)

02 ~ py2(0?)

Usual prior distributions:
@ 02 Inverse Gamma distribution
e (3: Normal distribution (no selection)

@ u: Uniform distribution
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Bayesian variable selection
Bayesian variable selection

In the Bayesian context regularization is done by specifying shrinkage priors on the
regression coefficients 3.

Two classes of shrinkage priors:

@ Spike-and-slab priors: Discrete mixture of two distributions (Mitchell and
Beauchamp, 1988; George and McCulloch, 1997)

e Continuous shrinkage priors: Unimodal continuous distributions (Bayesian
Lasso prior, Horseshoe prior, Elastic-Net prior, ...) (Kyung et al., 2010; Carvalho et al.,
2008)

% To shrink towards zero small effects while allowing large signals to escape from
the overall shrinkage
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Bayesian variable selection
Spike-and-slab prior

@ Introduction of ~:

. 1 if variable j is selected 15-
i 0 otherwise
1.0-
Bil(vji = 1) ~ psiav(B;) » Bjl(vj = 0) ~ pspike(;)

0.5-

@ Bayesian hierarchical model:

A

-10 -5 0 5 10

Y|:U" 5’ 02 ~ Nn(/—l' a4 XlBl SFoooaF XPIBP: Uzln)

0.0~

Bily ~ vN(0,03) + (1 =)o, j=1,...,p
@ The estimation of P(v; = 1]Y) gives Figure 1: Spike-and-Slab prior
access to the a posteriori probability of distribution. Slab part in blue and
variable selection spike part in red
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Bayesian variable selection

Continuous shrinkage prior

@ Penalized likelihood approaches:

P

B = argming{|| Y — XB |* +v>_ ¢(87)}
Jj=1

Distribution

= Lomento

with v the penalty parameter and ¢
the penalization function.

@ Bayesian version of penalized
likelihood approaches:

/6"7-27“7'2 NN(OvTQW?) Jj=1...,p
! ! ! Figure 2: Continuous shrinkage prior distributions

TZ,wjz ~ .7-'(7'2;wj2)
where
e F is a distribution to specify,
@ 72 controls the global shrinkage and w? controls the individual shrinkage

% Horseshoe prior, Bayesian Lasso prior (Laplace prior), ...
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Bayesian variable selection

R packages for implementing Bayesian variable selection

Spike-and-slab prior Continuous shrinkage priors

@ BGLR (Pérez and de Los Campos, 2014) bayesreg (Makalic and Schmidt, 2016)

@ BoomSpikeSlab (Scott et al., 2021) BGLR (Pérez and de Los Campos, 2014)
horseshoe (van der Pas et al., 2016)

fastHorseshoe (Hahn et al., 2016)

dlbayes (Zhang and Li, 2018)

Monte Carlo Markov Chain (MCMC) algorithms are used to infer parameters
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Bayesian variable selection
Application in genetic

Objective: to select the genetic markers involved in the variation of the
compactness of Arabidopsis thaliana (data publicly available at phenotypes (Loudet,
2018) and genotypes)

@ Individuals: n = 357 under well-watered environmental condition
o Markers: SNP, g = 532

@ Measurement frequency: daily for T =21

°

Phenotypic trait: compactness

Figure 3: Arabidopsis thaliana (Marchadier et al., 2018)
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Bayesian variable selection

Application in genetic

Evolution of the compactness over time for each individual:

Compactness

0.05 0.10 0.5 0.20 025 030 0.35
1

jours

In this first part we focus on the last time point T = 21
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Bayesian variable selection
Bayesian variable selection with R

We will explore two R packages for implementing Bayesian variable selection with
the spike-and-slab prior and the horseshoe prior:

@ bayesreg allows to fit Bayesian regression models with continuous shrinkage
priors,

@ BoomSpikeSlab allows to fit Bayesian regression models with a
spike-and-slab prior.
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Bayesian variable selection

Arabidopsis Thaliana data

Analysis of the compactness at T=21 according to q = 50 markers:

To download the data

> load(file = "DataPrac.RData")
> dim(Y)

[1] 357 21
> dim(X.50)
[1] 357 50

> y.21 <- Y[,21] # to analyze the compactness at T=21
> y.21 <~ y.21-mean(y.21)

Number of iterations of MCMC algorithms:

> niter <- 5000
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Bayesian variable selection

bayesreg

To run the main function bayesreg

library(bayesreg)
res.hs <- bayesreg(y.21 ~ X.50, data = data.frame(y.21,X.50),

>

>

+ model = "normal", prior = "hs", n.samples = niter)
> # 907 credible intervals
>
>
>

ci <- apply(res.hs$beta, 1 , quantile, c¢(0.05,0.95))
# selected markers

which(apply(ci, 2, function(y) findInterval(0,y)) != 1)
[1] 4 17 19 21 23 31 33 38 46 50

Posterior density of the marker 2 along with its 90% credible interval in red:

density.default(x = res.hs$beta[2, ])

Density

01 2 3
|

— /—/
T T T
-1.0 -0.5 0.0

N =5000 Bandwidth =0.02648
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Bayesian variable selection

bayesreg

To plot the estimated effects:

> plot(rowMeans (res.hs$beta), ylab = "Effects", xlab = "Markers",
+ ylim = c(-1.5, 1.5))

> points(ci[1,], t = "1"); points(ci[2,], t = "1")

> abline(h = 0)
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Bayesian variable selection

bayesreg

This package may be used to implement others shrinkage priors:
@ prior: ridge, lasso, horseshoe, horseshoe+
and to analyze data with non normal distribution:

@ model: normal, poisson, geometric, logistic, binomial, Laplace, student
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Bayesian variable selection

BoomSpikeSlab

To run the main function 1m.sp

> library(BoomSpikeSlab)
# to specify the prior inclusion probabilities equal to 0.1
prior <- SpikeSlabPrior(X.50, y.21, prior.inclusion.probabilities = rep(0.1,ncol(X.50)))
res.ss <- lm.spike(y.21 ~ X.50-1, niter = niter, prior = prior)

pp <- apply(res.ss$beta, 2, function(c){sum(c != 0) })/niter
#selected markers
which(pp > 0.5)

4 17 19 21 23 31 46 50

>
>
>
> # posterior inclusion probabilities
>
>
>

> beta.ss <- colMeans(res.ss$beta)
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Bayesian variable selection

To plot the estimated effects

> plot(rowMeans(res.hs$beta), t="1", ylab = "Effects", xlab = "Markers", ylim = c(-1,2))
> lines(beta.ss, col =2) J
o ]
o~
v |
-

1.0

Effects
0
1

-05 0.0

-1.0

Markers
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Bayesian variable selection

How does the genetic architecture evolve over time?

We have identified the genetic markers involved in the variability of the
compactness measured at T = 21

@ Which are the genetic markers involved in the variability of the compactness
measured at different time points 7 Are they the same over time ?

@ How are their effects? Are they the same over time ?

Need to analyze all the measures simultaneously, to select the relevant markers
and to estimate their effects over time

= Varying coefficient model
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Varying coefficient model
line

© Varying coefficient model
@ Estimation of f;(t)
@ Selection of relevant variables X;
@ VCGSS package
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Varying coefficient model
From linear model to varying coefficient model

We assume that the response variables is followed over T times such that for the
. .. . T

individual i we have: y; = (y™,...,yf ).

Linear model:

ty

yitoo= ot o+ (B, ..., ) X + e, el ~ N(0,0%)

Xi,q
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Varying coefficient model
From linear model to varying coefficient model

We assume that the response variables is followed over T times such that for the
. .. . T

individual i we have: y; = (y™,...,yf ).

Linear model:

t —

Yi = /v‘t2 + (ﬂ?’ 009 ttlz) " + 5? ’ 6:‘:2 ~ N(0702)
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Varying coefficient model
From linear model to varying coefficient model

We assume that the response variables is followed over T times such that for the
. .. . T

individual i we have: y; = (y™,...,yf ).

Linear model:

Xi1

s

yTo= o4 (B, ..., gy Vel o o, 0?)

@ Simple analysis at each time point does not take into account the
correlations over the time

< Can lead to false positive detection and loss of statistical power
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Varying coefficient model

Varying coefficient model

Varying coefficient model (Hastie and Tibshirani, 1993)

t1 t | | 2 L3
% nl By coc %611 & e ~ N7(0, o2T)
= - |t - : Sl s = plidl
. - - . - 1)
t t t t . t; —1 1
T ulT BT piT) \Xig =T <p<
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Varying coefficient model

Varying coefficient model

Varying coefficient model (Hastie and Tibshirani, 1993)

il t il lal A Gl
Yi ui B eee fE ) [ < e ~ N7 (0, o21)
| N ) : Sl s = plidl
. . . . - 1)
t t t t . t —1 1
T g g7 i) \(Xig =T <p<
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Varying coefficient model

Varying coefficient model

Varying coefficient model (Hastie and Tibshirani, 1993)

t1 t | | 2 L3
1% plit By .. Bq Xi1 & e ~ N7(0, 02T
i T

- = A S . S I I I pli—il

. - - . . - >

tr tr tr tr Fe tr —1<p<1
Y (e By Bq iq <
15 i 14 i

RN N RN N
Time Time Time Time
t; t . . n
(Bi*,...,B;7) are assumed to be a realization of a function f;(t)

— Estimation of f;(t) with functional or non functional methods

< Selection of significant variables X; such that (Bjtl ...,ﬂjtT)’ =(0,...,0)
with a spike-and-slab prior
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Varying coefficient model  Estimation of 3;(t)

Outline

© Varying coefficient model
@ Estimation of f;(t)
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Varying coefficient model  Estimation of 3;

Functional method

Non-parametric interpolation

N
\ —— true (unobserved)
observations

S ]
- /'\

1

I

@ _]
o
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Varying coefficient model  Estimation of 3;(t)

Functional method

Non-parametric interpolation

N

s —— true (unobserved)
observations

o — Legendre

—
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Varying coefficient model | Estimation of

Functional method

Non-parametric interpolation
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Varying coefficient model  Estimation of 3;(t)

Functional method

Non-parametric interpolation

N

A —— true (unobserved)
observations

o — Legendre

S

—— B-spline
- P-spline
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Varying coefficient model | Estimation of 3;(t)

Functional method

What is P-spline ?

P-spline = B-spline 4+ Penalisation
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Varying coefficient model  Estimation of 3;

Functional method

spline (Eubank, 1999)

N
s — — true (unobserved
("] deflne knots observations
. knols_
@ interpolate third degree al — Brspline
polynomials on each piece o |
o
@ conditions: C°, C1, C2
©
. O T
@ can be formulated as linear
combination g
< define a new basis: B
N
B )
J v . MR
o
. :ZBkbkvj:Bbj7 ° L T T T T
tr k=1 -1.0 -0.5 0.0 0.5 1.0
B
o Disadvantage: sensitive to the
choice of knots
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Varying coefficient model  Estimation of

Functional method

P-spline: penalized log-likelihood by the first order differences of adjacent B-spline
coefficients (Eilers and Marx, 1996):

L= Z7=1 /(K7 m, b17 vy bq,p, 0'2)

=20 Y jmo (M — mu—1)® = M 30 (bi — bee11)® — -+ = Ag Yoy (bkg — br—1,6)°
@ smooth curves
@ not sensitive to the knot positions

o disadvantage: choice of Ag, ..., A4 via cross-validation is computationally
intensive

% Bayesian formulation is convenient
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Varying coefficient model | Estimation of 3;(t)

Functional method

Bayesian P-splines (Lang and Brezger, 2004):

Replace the penalties by their stochastic analogues

< first-order random walk such that by ; ~ N(bk_l,j, >\J-_1)

& bj|Aj ~ N,(0,(A\K)™!), K the known appropriate penalty matrix defined by
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Varying coefficient model | Estimation

Functional versus non functional methods

Functional method: P-spline Non functional method: direct
interpolation (Eilers and Marx, 1996) estimation of time coefficient
functions) Li and Sillanpas (2013)
B
= 2 ko1 Bebij = B by, B!
5}7 | =b
BT
+ penalization on (by j — bx—1 ) of
order 1 or 2 + penalization on (b, j — by, , ;) of
— PS; and PS, order 1 or 2

— RWl and RW2

In both methods we assume that:

bj ~ N(0, (A K) ™)

with K a structured matrix.
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Varying coefficient model | Selection of relevant variables X;
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© Varying coefficient model

@ Selection of relevant variables X;
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Varying coefficient model | Selection of relevant variables X;

Selection in varying coefficient model

Selection of relevant variables X;, j =1,...,p:

(bt1,j7 R bfTJ)/ = (0, ceey O)/?

% Group spike-and-slab prior on b; (Ghosh and Ghattas, 2015; Yang and Narisetty, 2020):

biljs Aj ~ 4Ny (0, (X K) 1) + (1 = 77)d,(0)
Aj ~ Gamma(s, r),

v~ Ber(ﬂ)’
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Varying coefficient model | Selection of relevant variables X;

Bayesian Varying Coefficient model using Group

Spike-and-Slab prior Heuclin et al. (2021)

Bayesian hierarchical model
Yi|m, b, p,0® ~ N7(Bm + BbX;,o°T)
m|Xo ~ N, (0, (AoK) ™)
bjlyi, A ~ uNG(0, (AFK) ) + (1= %)6,(0), j=1,....q
Aj ~ Gamma(s,r), j=0,...,q
~j~ Ber(w), j=1,...,q
P~ U[—1,1]

0% ~ | — Gamma(s,2,r,>2)

To infer the distribution of m, b;, \;,v;, p, 02| Y:
— Gibbs algorithm (Markov Chain Monte Carlo algorithm)
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Varying coefficient model ~ VCGSS package
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© Varying coefficient model

@ VCGSS package
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Varying coefficient model ~ VCGSS package

VCGSS package

VCGSS: an R package for implementing the sparse Bayesian Varying Coefficient
model using Group Spike-and-Slab prior

% Available on https://github.com/Heuclin/VCGSS

We will explore the two main functions:

VCM_fct O
To run the Bayesian Varying Coefficient model using Group Spike-and-Slab prior.

@ allows to implement functional and non functional methods with penalty of
order 1 or 2,

@ calls an MCMC sampler implementation in C++,

@ allows to run many repetitions in parallel,

@ applies convergence diagnostics

plot_functional_effects():

To visualize the dynamic effects

Bayesian varying coefficient model


https://github.com/Heuclin/VCGSS

Varying coefficient model ~ VCGSS package

Application in functional mapping

Objectives: to select the genetic markers involved on the variation of the
compactness of Arabidopsis thanliana over time and to estimate their effects over

time

% Same data than in the first part but here we analyze jointly all the measures
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Varying coefficient model ~ VCGSS package

o download and install VCGSS packag

> library(devtools)
> devtools: :install_github("Heuclin/VCGSS")

If it does not work:

> source ("~/Documents/Bourse/doc/data/NIH/Weight analysis/VCM-function.R"
> Rcpp: :sourceCpp ("~ /Documents/Bourse/doc/data/NIH/Weight analysis/VCM.cpp
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Varying coefficient model ~ VCGSS package

To run the model

To run the model with a P-spline interpolation using a second order difference
penalty

> library(VCGSS)
> load("DataPrac.RData")
> fit <- VCM_fct(Y, X.50, ENV = NULL, selection = TRUE,

+ interpolation = "P-spline",

+ order_diff = 2,

+ save = FALSE, core = -1,

+ rep = 2, niter = 1000, burnin = 500)
Arguments:

@ selection: TRUE/FALSE

@ interpolation: functional method = "P-spline”, "B-spline”, "Legendre”,
non-functional method = "RW”",

@ order_diff: order of the difference penalty,
@ niter, burnin, thin: MCMC parameters,
o .
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Varying coefficient model ~ VCGSS package

: Convergence diagnostics

@ Gelman-Rubin's potential scale reduction factor for all parameters except 8

> fit$gelman.diag )

@ Gelman-Rubin’s potential scale reduction factor for g3

>  fit$gelman.diag.b.psrf.median J

@ Trace plot with posterior densities

> plot(fit$memc_list) }
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Varying coefficient model ~ VCGSS package

To plot the posterior marginal probabilities

> plot(fit$estimation$mean.marginal.probabilities)

> abline(0.5, 0, 1ty =2, col = "red")

> # markers selected

> which(fit$estimation$mean.marginal.probabilities> 0.5)

Plot of posterior marginal probabilities of inclusion of markers:
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Varying coefficient model ~ VCGSS package

To visualize the dynamic effects

> plot_functional_effects(fit, plot=c("Y", "mu", "beta"), mfrow = c(2, 4),
+ add = c("matplot", "quantile")) J
Y mu beta 1 beta 3

-
{

5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20
beta 4 beta 19 beta 21 beta 22

00 05 1.0
L

T I |
0.2 0.6 1.0

00 04 08

Estimated effects of the intercept (1) and selected markers. Gray lines are the

estimation for each repetition, black lines are the mean of the estimation over the
repetitions and dotted lines are the credible intervals.
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Varying coefficient model ~ VCGSS package

To run the model with a non functional method: RW1

To set the arguments interpolation and order_diff to "RW" and 1,
respectively.

fit.rw <- VCM_fct(Y, X.50, ENV = NULL, selection = TRUE,
interpolation = "RW",
order_diff =1,
save = FALSE, core = -1,
rep = 2, niter = 1000, burnin = 500)

+ + + + VvV

The selected markers are:

>  which(fit.rw$estimation$mean.marginal.probabilities > 0.5)

[1] 1 3 4 5 6 8 9 10 11 12 15 16 18 19 21 22 23 24 27 28 29 30 31 33 34 35 36 42 43

J
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Varying coefficient model ~ VCGSS package

To run the model with a non functional method: RW1

The estimated dynamic effects:

> plot_functional_effects(fit.rw, plot=c("Y", "mu", "beta"), mfrow = c(2, 4),
+ add = c("matplot”, "quantile"))

Y mu beta 1 beta 3

05

-05

00 02 04

0.2
L

-0.2
L
-0.4
L
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